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Introduction

Symmetries in Neutrino Physics

What we learned from Arima and lachello

Symmetries characterize physics of many-body systems.

I will discuss how symmetry concept apply to neutrino physics
using analogies to fermion-pairing.
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Neutrino Mass

Neutrino Mass

Dirac and Majorana masses

Dirac mass term:
D _ 3 (.7
H = mD/d X(¢L'¢R aF h.C.)
Left- and right-handed Majorana mass terms:
HY = Hy+ HY

; 1 _ 1 ;
= 5m / d®x(Praps + h.c) + >R / d*x(Prib + h.c)

pC=Ccypl
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Neutrino Mass

Neutrino Mass

Dirac SU(2) algebra[SU(2)p]

D, = /dsx(iszR)
D = /d3x(1/_)R¢L) =Dl
[D.,D_] = 2D,

Do = 5 [ d*x(wlwe — whve)

[Dy,D_]=2Dy , [Do,D4]=D; , [Dy,D_]=—D_]
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Neutrino Mass

Neutrino Mass

Majorana SU(2); x SU(2)r algebra
[ xwlv - wel)
| xtwrvl ~ vhe)

Lo, L ]=2Ly , [Lo,Ly]=Ly , [Lo,L ]=—L_]

B

1 _
L= [ xGud) = L1 Lo =

=

1 _
Re = 5 [ x(gr) = RT Ro =

[[Re,R]=2Ry , [Ro,R:]=R; , [Ro,R]=—R|

[L- 40, R-+0l =0, Do= Lo+ Ro
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Neutrino Mass

Neutrino Mass

Pauli-Giirsey SU(2), spanned by A, Ap:

1 1
[Dy, Lo] = _ED-F ;. [Dy, Ro] = _§D+a

[D+7L+] =0, [D+7R+] =0,
[D+7L—] :A+ ) [D+7R—] :A—7
1 1
[vaLO]:iD* ) [DfaRO]:EDfa
[D-,Li]=—-A- , [D-,Ri]=—-A4,
[D_,L_]=0 , [D_,R]=0

Ay = /d3X [*MTC%%DR} VAL = /d3X [%TWOC(T/JDT} :

A1, A] = 2(Ro — Lo) = 2A0, [Ay, Ao] = —Ay, [A, Ag] = A_|
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Neutrino Mass

Pauli-Gursey symmetry

Particle-antiparticle symmetry realized via the Pauli-Giirsey
transformation:

Y =Y = aih + bysp©
a2+ bR =1
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Neutrino Mass

The pairing algebra

SO(5)
The ten operators Dy, D_, Ly, L_, Ly, Ry, R—, Ry, A, and A_
form a Lie algebra, the pairing algebra SO(5).

The most general neutrino mass Hamiltonian:
Hm = mp(Dy + D-) + m (Lt + L) + mg(R+ + R-).

sits in the SO(5)/SU(2)pc x U(1), coset where U(1), is
generated by Dy = Lo + Rp.
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Neutrino Mass

Sea-saw mechanism

SU(2)pc

The Pauli-Glirsey transformation: ¥ — ¢’ = ai) + bys)©.
Consider the most general element of the SU(2)pg group:

U =e ™A e—/og(1+\r|2)A0 eTA+ iAo

under which

eigo/2

VIR

This is a Pauli-Giirsey transformation with

=y = Uyl = [ — 7*y59°]

ei<p/2 _T*ei<p/2
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Neutrino Mass

Neutrino Mixing
Electroweak eigenstates are a combination of mass eigenstates:

|ve) \ ([ cos® sin@ 1)
lvu) )\ —sinf cos@ |12)
When an electron neutrino is emitted from a nucleus (t=0), it is in

the state
|Ve) = cosB|v1) + sinf|va),

But, at time t, it evolves into
[ve(t)) = cos @ eE1t|uy) + sin 6 eF2t|1y)

E1:p2+m% and E2:p2—|—m§
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Neutrino Mass

Vacuum Oscillations
9 [ |ve) \ _ dm® [ —cos20 sin26 |Ve)
"ot lvu) ) 4E sin20  cos?26 )

Sm?L
P(ve — ve) = {velv)l? =1 = sin? 29sin? (“75 )
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Neutrino Mass

Matter Effects

In vacuum: E? = p? + m?
In matter: (E — V)2 =p?+m? = E?> =p? + m’%;
with m%; = m? +2EV + O(V?)

ia( |ve) )_ o 8 sin 20 < |ve) )
at \ |vp) Im sin20  —p i)

Sm? 1
— ——— 2 —GeN
© iE cos 0—1—\@@: e
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Neutrino Mass

Neutrino Mixing with 3 flavors

T ="TxTi3T12

T3
1 0 0 Ci3 0 Si3 e idcp Cir S1»p O
0 Gs Sy 0 . 1 0 —S1» CGo O
0 —S»3 (3 —5136'503 0 Ci3 0 0 1
Ta3 'Flrz

Cjj = cos0jj, Sjj = sin0j;
dcp: CP-violating phase
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Neutrino Mass

Neutrino Flavor Evolution

MSW Equations

o [ Ve

[— \UM

ot v,
E; 0 O
H=TxTi3T» 0 E O
0 0 E
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Neutrino Mass

Neutrino Flavor Evolution

MSW Equations

u = cos b3V, —sintpV,,

U, = sin 03V, + cos O3V,
oY\ ot
"ot Y | =H| VY
v, v,
EE 0 0 Ve 0
A=TpTp| 0 & o |TLTL+TL [ o Vv,
0 0 £ 0 0

Tos

Noo
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Neutrino Mass

Neutrino Flavor Evolution

At the tree level, the neutral current contribution to all the
potentials are the same, but there are differences coming from the
loop diagrams! There is an additional charged-current contribution
to V.. Taking out an overall phase, one only needs V¢, = Ve — V|,
and V., =V, -V

) EE 0 0 Ve 0 0
H=T,[ 0 & o0 |Ti+|[ o SHVew  —Ca3SnViy
0 0 £ 0 —GuSuVe, CiVey
T, =Ti3T12

A.B. Balantekin University of Wisconsin-Madison Symmetries of neutrino interactions



Neutrino Mass

Neutrino Flavor Evolution

One-Body Hamiltonian

_ E; O 0 Veu 0 0
H=T, 0 E O Ti—{— 0 5223 VT# — (23553 VT,u
0 0 & 0 —CuSuViy 3V,

Dominant term, Wolfenstein

Veu(x) = V2Gr Ne(x)

Sub-dominant term, Botella, Lim, Marciano, PRD 35, 896 (1987)

Vo= =Y 2GFC <mT )2{(N6+Nn) log —_ <I\Ie+/\’”)}

msin? 0y \ mw mwy 2 3
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Neutrino Mass

Motivation

Supernova neutrinos

° Mprogenitor > 8M® =
AE ~ 10%° MeV

@ 99 % of this energy is
carried away by neutrinos
and antineutrinos with
10 < E, <30 MeV
= 10°8 neutrinos!
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Neutrino Mass

r-process Nucleosynthesis

Nuclear Landscape

stable nuclei ! =

known nuclei

+«— terraincognita

)
=]
]
=
2
(=% o neutron stars
28-S L&
20
8 28
2.4 20 neutrons
2 8
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Neutrino Mass

r-process Nucleosynthesis

[Fe/H] ~ -3.1 r-process abundances

Neutron-Capture Abundances in CS 22892-052

L L A > 100 abundance pattern fits
sBy the solar abundances well
4 0
o raca | [ 1122 N é
‘ i wrode
. SEY| L HATIFEE]
L AR I O 11111
- i
15 F T T ! 5
5 [
2f o 05 22852.052 abundances ER
H =
Gl T TTRTIE: N -
40 50 60 70 80 90 10
TE T T T T o
sE E
H e Ladnt o ] 10
= Bhyp 5 : . A
T E
4B . . ) . RE r-process abundances should
40 50 60 70 8 9 depend very strongly on electron

Atomic Number

fraction Meyer
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Neutrino Mass

r-process Nucleosynthesis

@ Yields of r-process nucleosynthesis are determined by the
electron fraction, or equivalently by the neutron-to-proton
ratio, n/p

@ Interactions of the neutrinos and antineutrinos streaming out
of the core both with nucleons and seed nuclei determine the
n/p ratio. Hence it is crucial to understand neutrino
properties and interactions.

@ As these neutrinos reach the r-process region they undergo
matter-enhanced neutrino oscillations as well as coherently
scatter over other neutrinos. Many-body behavior of this
neutrino gas is still being explored, but may have significant
impact on r-process nucleosynthesis.
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Collective Neutrino Oscillations

Neutrino Mixing

Mass and Flavor States

a1(p,s) = cos B ae(p, s) — sin 6 ax(p, s)
ax(p, s) = sinf ac(p,s) + cosd ax(p, s)

Flavor Isospin Operators

:];:s = al(p’s)aX(pv S) ) :]p_,s = 31([’7 S)ae(p7 5) )

~ 1
R =5 (3P 5)e(p,5) — al(p.5)ax(p.))

[-7;:.9 -A/t;r] = 25Pq55f'78,s ’ [:\/g,sv -Alét,r] = iépqésf‘/];fs ’
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Collective Neutrino Oscillations

Neutrino Hamiltonian

Vacuum Oscillation Term
2 2
A = 3 (22l (0. 9a(p.5) + 230, )2u(p.5) )

P;s

One-Body Hamiltonian including interactions with the electron
background
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Collective Neutrino Oscillations

Neutrino Hamiltonian

Neutrino-Neutrino Interactions

7 2G S o
Hy, = \/;/ F (1 - COS’&PQ) JP ’ Jq
P,
p
° < ﬁpq
g

(1 — cos?)) terms follow from the V-A nature of the weak
interactions.
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Collective Neutrino Oscillations

Neutrino Hamiltonian

The total neutrino Hamiltonian
I:Itotal =H,+H, = (Z 73 J - \/EGFNeJ,g)

V2GE - =
% (1 —cosVpq) Jp - Jq
P.q

+

Pantaleone, Dasgupta, Duan, Fogli, Fuller, Kostelecky, McKellar,
Lisi, Mirizzi, Qian, Pastor, Raffelt, Samuel, Sawyer, Sigl, Smirnov,
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Collective Neutrino Oscillations

Evolution Equations

Path Integral for the Evolution Operator

i—— = (H, + Hy,) U

Use SU(2) coherent states to write the evolution operator as a
path integral:

206 = o0 ([ oz(p. 026 ) 10
QICCL

(Z'(tr)|U|2(t;)) /D[z z") exp (iS[z, z*])
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Collective Neutrino Oscillations

Calculating the Evolution Operator

Stationary Phase Approximation
(Z'(tr)|U|2(t;)) /D[z z*] exp (iS[z, z*])

N CNC O R O ECI
S(z,2) = | ae BT log( () 2(e)

H=H,+ H,

do 0 o d 0 0 o
<dt82_82> L(z,z*)=0 <dt82*_82*>L(z’z )=0
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Collective Neutrino Oscillations

iz(p,t) = B(p, t) — a(p, t)z(p, t) — B*(p, t)z(p, t)?

? _ 2
a(p, t) = —52”; cos 29+\f2GFNe+\@GF/dq(l—cosﬁpq) (M)
16m?
) =5 5y vt Va6 [aas—contng) (170 o)
wx(p, t) 2 2
= e X = ].

A.B. Balantekin University of Wisconsin-Madison
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Collective Neutrino Oscillations

The mean-field/RPA solution

Vx(ps t)

_ 2 2 _
Z(p’ t) - we(p’ t)’ |¢e| + |¢X’ - 1
2
A= A V3G,
2p

D= \@GF/dq(l — cos 0pq) [([te(q, 1) — [¥x(q, t)?)]

Dex = 2V/2Gf / dg(1 - cosBpq) (te(q, t)13(q. 1)

.0 (we > :1<A+D—Ac0529 Dey 4 Asin 260 ><¢e>

'E Py 2 Dye + Asin20  —A— D + Acos20 Py
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Collective Neutrino Oscillations

This is the mean field approximation! Recall that one can
approximate product of two commuting arbitrary operators O; and

O, as
010, ~ O1(£10[€) + (€]011€) D2 — (€]011€) (€] D),
provided that

(€]01021€) = (€]|011€) (€| O2[€).

This reduces H,,, to a one-body Hamiltonian:

How ~ 27258 [ 9 6% R (P} ()

b L@+ o))
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Collective Neutrino Oscillations

Beyond the Mean field

Corrections to RPA

___2pt) o Z(pt)
,B(P, t) - 1+ |z(p, t)|2 ﬁ (P, t) 1+ |z(p, t)|2

N *
(Z(tr)|U|2(t;)) = /Nlinoo H H dB(p, toc).d/B (P, ta) oiS16.5°]

17
a=1peP
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Collective Neutrino Oscillations

eis[ﬁchﬁ:/]
\/Det (KM — LTK-1L)

P = the number of allowed momentum modes.

<Z/(tf)| U|Z(t;)> = Nlinoo(iw)N—’—P

1 52S
K(p, k =3
(P7 )q’ m) 2 <6x(p’ tk) (SX(q; tm))c/

1 R )
M(p, k,q,m) = =
(p- k.4, m) 2<6y(p,tk)6y(q,tm) .
1 ER) )
L 7k7 7m = A
(p,k, 4, m) 2<5X(P7tk)5y(q,tm) o

x=(5+5/2y=(F~F5")/2i
ﬁ = /8 - /BCI
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Collective Neutrino Oscillations

Antineutrinos and three flavors

Including antineutrinos

H:HV+HD+HVV+HDI7+HV17

Requires introduction of a second set of SU(2) algebras!

Including three flavors

Requires introduction of SU(3) algebras.

Both extensions are straightforward, but tedious!
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Collective Neutrino Oscillations

Polarization vector

Polarization vector

Pi(q) = Tr(Ji(q)p)

Pee Pex 1
= =-(Po+P-o
P <pxe pxx) 2(0 )

0P, = {—i—A +V2Gr [Nei —|—/dq (1 —cosbpq) (Pq —Pq)] }XP

T

T

P, = {—A +V2Gr [Nei —|—/dq (1 — cosbpq) (Pq —Pq)] }XP

5 2
A= %(sin 20% — cos 202)
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Collective Neutrino Oscillations

Neutrino Hamiltonian

Neutrino Hamiltonian with v — v interactions

2G
P

P.q

Single-angle approximation =

total - 2
P

fGF 1

m

Defining = , T = pt, and wp

A= w,B
P

Jy+d-J

—

cos¥pq) Jp - jq

(1-

\@GF

J-J
V

dm?
72[) one can write

—

A.B. Balantekin University of Wisconsin-Madison
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Collective Neutrino Oscillations

Conserved Quantities

Some Invariants

— -

p

This Hamiltonian preserves the length of each spin

~ - —

L,=J,-J,, [F/,Zp}:o,

as well as the total spin component in the direction of the
"external magnetic field”, B

v=B-J, [1.8] =0

Raffelt, Smirnov, Fuller, Pehlivan, Balantekin, Kajino, Yoshida, - - -
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Collective Neutrino Oscillations

BCS Hamiltonian

Hamiltonian in Quasi-spin basis

I:IBCS = Z2€k/l\'2 - ’G|7\_+ 7\_
k

Quasi-spin operators:

N N ~ 1
t:_ = C):TC;EJ,’ t, = Ck|Ckt, 1.'2 = 5 (C;ETC/(T T C}:¢Ck¢ = 1)
[Ii':_,,f,_] = 25;(/’1\'2 , [’t\',((),,f,i] = :E(Sk/’t\';(t .

Richardson gave a solution of this problem. Hence there exist
invariants of motion.
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Collective Neutrino Oscillations

The duality between v — v and BCS Hamiltonians

The BCS Hamiltonian

The v-v Hamiltonian

I:IBCS = Z2€k,t\2 - |G’7\-+:’\_
k

Same symmetries leading to Analogous (dual) dynamics!
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Features of the Collective Neutrino Hamiltonian

Invariants

Invariants

The collective neutrino Hamiltonian given has the following
constants of motion:

hp=8B-J,+2 Z
q(#p) “p W

The individual neutrino spin-length discussed before in an
independent invariant. However Gy = Zp hp. The Hamiltonian
itself is also a linear combination of these invariants.

I:I:ZWPE,,—FZZP
p p

Pehlivan, Balantekin, Kajino, Yoshida
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Features of the Collective Neutrino Hamiltonian

Eigenvalues and Eigenstates

Eigenstates of the system

® Jo=N/2 N, the total number of neutrinos
@ A state with all electron neutrinos:
|Ve Ve Ve .. ) = |Jnax Imax)f
@ Matter and flavor bases are connected with a unitary
transformation: |Jna Jnac)f = Ut Jnae Joax)m

® |Jwe Jmax)m = Ips al(p7 s) |0)
|Jma’< o Jmax)m = Hps 32([), ) |0>
E(tdma) = = 2op FWp T Imax (Jmax + 1)
E( ) = 2o p ZtWp + Jrax (Jmax +1)
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Features of the Collective Neutrino Hamiltonian

Eigenvalues and Eigenstates

Other states

o*(¢) == Z - 1_ £ <cos2 0J% + sin 208 — sin? 93;)
o W

AQT ) —Nm = (Esy—2-6) QO — m
+ <1+2Z_j"> QN =D
P wp — ¢

—
should be zero if eigenstate

N[

This gives us the Bethe ansatz equation = Ep w,, 5 =
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Features of the Collective Neutrino Hamiltonian

Eigenvalues and Eigenstates

Most General Eigenstate

€1, &0, ... &) = QT (£&1)QT (&) ... QT (&)Y — I)m
E(£17£2a"~7£l£ - ZEQ— 2J—/€—|—1)

—Jp 1 < 1
—=r = _—
Dol b =

(B#a)

Bethe ansatz equations
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Features of the Collective Neutrino Hamiltonian

An RPA-like approximation

An RPA-inspired approximation when [@1, @2] = 0. Approximate
the operator product as

@1@2 ~ @1<@2> + <@1>@2 - <@1><@2> )

where the expectation values should be calculated with respect to
a state |W) which satisfies the condition (O102) = (01)(O>) .

HRPA Z wp j

Polarization vector: 13,,75 = 2<jp7s). Use SU(2) coherent states for
the expectation value.
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Features of the Collective Neutrino Hamiltonian

Mean-neutrino field
Polarization vectors
~ E =S 0B T4 Bl

A
P
'Bp,s = 2<ﬁp,s>
d - A U
—J, = —i[Jp, H¥™] = (wpB + P) x Jp

=
le
|
o

Raffelt; Pehlivan, Balantekin, Kajino, Yoshida
Symmetries of neutrino interactions
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Features of the Collective Neutrino Hamiltonian

Total Hamiltonian

Hamiltonian with both v's and 7's

R 2 n Ji+J;
o) = Z om= (— cos 26 Jg sin 26 "2>

2

2 B+ 3
+ Z ii_ <c0529 J0 +sin 26 p)

Z(l — 05 Upq)dp - Jq + Z(l — cos¥p5) 5 - Jg
p.q P.q

+ Z — cos Upg) (23335? = j;rj(—]_ = 3;3;)

A.B. Balantekin University of Wisconsin-Madison
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Features of the Collective Neutrino Hamiltonian

Including antineutrinos

Single angle approximation

5m 5m2 N \/EGF - & - =
Hma.—zpj 55 B Zp: 5B bty (G+3)-(3+9)
Defining wp = —%52’;_’)2, one writes

H:pré-jp+zwﬁé'jp+(j+j>'(j+j)
p p
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Features of the Collective Neutrino Hamiltonian

Examples of mean-field calculations

o With v luminosity 15! =
0.001 (blue), 0.1 (green),
50 (red)

o Balantekin and Yiiksel,

New J. Phys. 7 51
(2005).

AT AT TP /AP PYOT FOTI ITTR TP
25 50 75 100 125 150 175 200 225
r (km)
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Features of the Collective Neutrino Hamiltonian

Examples of mean-field calculations

Neutrino Antineutrino Pee
£
8
8
Ve initial V. initial
v, initial v, initial
ve current v, current
jud
3
4
&
g
a
radius
(km) ) 50 100 150 200 250
o () a - an _Duan
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Features of the Collective Neutrino Hamiltonian

Invariants

Invariants

Conserved quantities for each neutrino energy mode p:

N A o .7 7.7

h.-=B-J 2 =P "4 4 9 P -9

b P2 TR
a(#p) q

A T - J Jp-J

B P Jg b Jq

p=58 JP+ZZWI_J_% 22%_%
3(+)

A.B. Balantekin University of Wisconsin-Madison
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Features of the Collective Neutrino Hamiltonian

Invariants

Mean-field Invariants

T B, B B, P
bh=2h)=B B+ > LT 43 P 3
ap) P9 g P %a

2 5 B I?’ :—-P

— _\ — . P P q P q
lp=2(hp) =B-Pp+ > e -
a#p) © 7 P

Raffelt; Pehlivan et al.
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Features of the Collective Neutrino Hamiltonian

Spectral Splits

Lagrange multiplier to enforce neutrino number conservation:

Z(wc - wp)jg +P-J

I’_‘IRPA +wc-70

p

_ Va0

= > 22,0180
p,s

U = eXp2ody oXpIn(1+217) )5 o= 32,2505

— 0
z, =etanf,

1 we — wp + PO
0. —,./=[1+2 =P °
costl, 2< + 2\, >
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Features of the Collective Neutrino Hamiltonian

Spectral Splits

Many people contributed to their explanation

Raffelt, Mirizzi, Dasgupta, Smirnov, Fuller, Qian, Duan, Carlson

a1(p,s) = UTay(p,s)U = 059 a1(p,s) — e sin 6, ax(p, s)
az(p,s) = UTay(p,s)U = e sinb, ai(p,s) + cosb, ax(p, s)
RPA Tw JO (

$)n(p.s) — ab(p. s)aa(p.))

A.B. Balantekin

University of Wisconsin-Madison
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Features of the Collective Neutrino Hamiltonian

Spectral Splits

Assume that initially (z — o0) there are more v,'s and all
neutrinos are in flavor eigenstates:

1

PO
costp = 5 (1 + ﬁ cos 26) —lim p—so0 COS 0

O[l(p,s) = UTal(pas)O = ae(p,s)
At the end (1 — 0)

1 We — W 1 w,<w
Op=4/=(1+ TP | = P ¢
>0 \/2< " |Wc_wp|> { 0 wp>we

a1(p,s) = Ulai(p,s)U = ai(p, s)
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Features of the Collective Neutrino Hamiltonian

Spectral Splits

from Dasgupta et al.

Antineutrinos Neutrinos
T T T T T T T T

NH NH

Energy [MeV] Energy [MeV]
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Conclusions

Conclusions

Conclusions

@ We examined the many-neutrino gas both from the exact
many-body perspective and from the point of view of an
effective one-body description formulated with the application
of the RPA method. In the limit of the single angle
approximation, both the many-body and the RPA pictures
possess many constants of motion manifesting the existence
of associated dynamical symmetries in the system.

@ The existence of constants of motion offer practical ways of
extracting information even from exceedingly complex
systems. Even when the symmetries which guarantee their
existence is broken, they usually provide a convenient set of
variables which behave in a relatively simple manner
depending on how drastic the symmetry breaking factor is.
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Conclusions

Conclusions

Conclusions - continued

@ The existence of such invariants naturally lead to associated
collective modes in neutrino oscillations. However, symmetries
alone do not guarantee the stability of such collective
behavior. An extensive numerical study of the collective
neutrino phenomena associated with our invariants would
shed light on the question of stability.
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