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IBM and its “microscopic foundation”
• collective pairs of valence 
nucleons
• shell-model derivation for 
modest deformation

Refs:
• A. Arima & F. Iachello (1974)
• T. Otsuka, A. Arima & F. Iachello (1978)
• T. Mizusaki & T. Otsuka (1997)
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Q. How to derive IBM for general cases ?



• Mean-field model with EDFs: 
Skyrme, Gogny, RMF, etc. for 
nuclear properties. Universal. 

• Textbook: P. Ring & P. Schuck (1985)
• Review: M. Bender et al. RMP (2003)

Energy density functional (EDF) 

• Methods to derive spectra (with symmetry restoration 
and/or fluctuation of collective variables). Complicated.    

• Skyrme-GCM: M. Bender & P.-H. Heenen PRC (2008)
• Gogny-5DCH: J.-P. Delaroche et al. PRC (2010)
• RMF-GCM: J. M. Yao et al. PRC (2011)   

much involved for well deformed and/or triaxial configs.  

Q. Exploit the merit of EDF to formalize the IBM ?

UNEDF @ USA, 
http://unedf.org

http://unedf.org
http://unedf.org


• intuitive picture of geometry, deformation, QPT, ...

• For spectroscopy, it is also suitable to start with.  
   (e.g., GCM, 5-dim. Collective Hamiltonian)

• then, can we construct IBM Hamiltonian in a similar way ? 

?

Potential energy surface



1. Introduction

2. Basics, and application to axially-deformed case

    Derive IBM Hamiltonian from EDF, Sph.-Def. transition

3. Shape phenomena involving triaxiality

    Shape coexistence, prolate-oblate transition in A~190

4. Robust regularity in triaxially-shaped systems

5. Summary

Contents of the talk



Basics, and 
axially-deformed nuclei

Refs. Phys. Rev. Lett. 101, 142501 (2008)
Phys. Rev. C 81, 044307 (2010) 

Phys. Rev. C 83, 041302(R) (2011)



“Mapping” the energy surfaces
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•Total energy from 
constrained self-consistent 
mean-field method (HF+BCS, 
HFB) with any type of EDF

•Total energy for a boson 
condensation (energy 
expectation value in the 
coherent state)

IBM parameters are obtained through this process. 
Diagonalize boson Hamiltonian ⇒ Spectra & transition rates



Geometry in IBM

• Coherent state

• Energy surface

sph. prolate

oblate

κ/ε

κ/ε

χπ+χν

γ unstableSph. Driving Def. Driving

“phase” diagram• Simplest Hamiltonian (up to two body)

This encompasses entire class of symmetries for intrinsic shape. 

{ {

Ginocchio & Kirson, 1980



Wavelet transform
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IBM parameters are fixed by 
the fit of the wavelet 
transform of energy surface. 

- extracts global features of PES: curvature, minimum, ... 
- hence, eliminating any irrelevant local pattern. 

cf. G. Kaiser, “A Friendly Guide to 
Wavelets” (1994)
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FIG. 11. (Color online) Same as
Fig. 2 but for Xe isotopes.

show similar tendencies. While χν increases with N , the
quantity χπ + χν is negative all the way and becomes almost
zero for N ! 76, where the γ softness appears in the PES.
χπ is kept constant as χπ = −0.500 and −0.600 for Ba and
Xe isotopes, respectively. ε, κ , and Cβ are maximal around
the middle of the major shell at which the PES shows the
largest deformation. ε and κ for Xe isotopes are generally
larger than those for Ba isotopes. The overall behaviors of
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FIG. 12. (Color online) Evolution of the derived IBM parameters
for Ba and Xe isotopes with N . χπ is kept constant as χπ = −0.500
and −0.600 for Ba and Xe isotopes, respectively.

the derived parameters in Fig. 12 are consistent with existing
phenomenological studies [18], while the magnitude of κ in
the present case is much larger.

3. Spectra

We show in the left panel of Fig. 13 the low-lying spectra
for Ba isotopes as functions of N . The calculated yrast levels
are particularly in good agreement with the experimental ones.
From N = 54 to 58, the present calculation suggests that the
side-band levels, 0+

2 and 2+
2 , deviate from 4+

1 level, exhibiting
the transition from the nearly spherical to deformed shapes.
When approaching the middle of the major shell, the calculated
yrast levels decrease with N consistently with the experimental
data, while the present 0+

2 level shows an opposite dependence
on N to the experiments. In the open-shell region, the
calculated levels resembles rotational spectra. Indeed the R4/2
values of N = 62, 64, and 66 in the present calculation are
3.23, 3.23, and 3.14, respectively, being close to the SU(3)
limit (R4/2 = 3.33), while those of the experiments are 2.86,
2.92, and 2.90, respectively. There are some deviations of the
side-band levels for lighter Ba isotopes. In the present study,
however, one cannot always obtain much information about
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FIG. 15. (Color online) Level schemes and B(E2) ratios for
(a) the experimental [47,59] and (b) the calculated (IBM from SkM*)
results for 134Ba, and (c) the E(5) model. The 2+

1 energy of the E(5)
model is set equal to the experimental one, E(2+

1 ) = 605 keV.

5. Comparison with E(5) model

We discuss a particular nucleus, 134Ba, which has been
recognized as a manifestation of E(5) symmetry [60].
Figure 15 shows detailed level schemes of (a) the experimental
data [47,59], (b) the calculated result for 134Ba, and (c) the E(5)
model. Note that the 2+

1 energy of E(5) is adjusted to 605 keV,
which is the experimental 2+

1 energy for 134Ba.
In the E(5) model, a schematic potential is assumed in

addition to the infinite-N limit [57]. This is not the case with
actual nuclei, which results in the deviations of the calculated
and the experimental excitation levels from E(5) ones as seen

from Fig. 15. Indeed, the 6+
1 , 4+

2 , 3+
1 , and 0+

3 levels are
degenerate in the E(5) model, while the overall patterns of
the experimental and the calculated level schemes for 134Ba
seem to resemble O(6) rather than E(5).

The present values of the B(E2) ratios for 4+
1 → 2+

1 and
2+

2 → 2+
1 transitions are smaller than the experimental data,

while the 0+
2 level and the B(E2) ratios for 0+

2 → 2+
1 and

0+
2 → 2+

2 transitions agree with the experiments nicely. From
the trends of 0+

2 → 2+
1 and 0+

2 → 2+
2 transitions, the 0+

2
state in the present calculation may be related to the third
0+ state of the E(5) level scheme in Fig. 15(c), which is,
using ξ and τ quantum numbers of the E(5) model [57], the
0ξ=1,τ=3 state.

B. Ru and Pd isotopes

1. PES

We show in Fig. 16 the PES’s for Ru isotopes for N =
54–80. The shape of the PES changes with N moderately
compared with the Ba and Xe isotopes. For N = 54–62, the
HF PES suggests a nearly spherical structure, which is slightly
prolate deformed. The flat area in the β-γ plane becomes larger
from N = 62 to 64 significantly, which suggests the transition
from nearly spherical to γ -unstable shapes. The HF PES of
Ru isotopes exhibits a weak triaxial deformation for N = 64–
70, which is described by the flat IBM PES with χπ + χν ∼0.
As seen in Fig. 16, the HF PES for N = 64–70 is complicated

FIG. 16. (Color online) Same as
Fig. 2 but for Ru isotopes.
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Rotational “response”

Rotated intr. stateintr. state

• Rotational response of a fixed shape at equilibrium should 
be reproduced. Hence, PES is kept the same.  
• To do this, LL term becomes necessary. 

Principal idea:

Rot. kinetic termThis part does not change. 
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Scissors mode
• isovector collective excitation of valence shells
• observed in general two-fluid quantal systems:
   Trapped BEC, elliptically deformed quantum dots, ...
• strong 1+→0+ M1 transition: 
   characteristic of proton-neutron IBM (IBM-2).  
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With the Majorana term, 1+ level (~3 MeV) 
and B(M1;1+→0+) of 2.7μN2 (expt: 2.65μN2) 
are reproduced for axially-deformed nucleus. 

K.N., T. Otsuka et al., in preparation (2012)



Shape phenomena involving 
triaxiality

Refs: Phys. Rev. C 83, 014309 (2011)
Phys. Rev. C 83, 054303 (2011)



Nuclear structure in A~190 region
Rich in nuclear shape phenomena:
   Prolate-oblate shape transition, 
shape-coexistence, competing single-
particle and collective dynamics, etc. 

Relevant theoretical works:
   (beyond) mean field, phenomenological IBM, etc...

• Configuration mixing in IBM for Hg (Duval & Barrett, 1982)
• Nilsson-Strutinsky method for Pb-Hg (W. Nazarewicz, 1993)
• Skyrme+GCM for Pb (T. Duguet et al., 2003; M. Bender et al., 2004)
• Gogny+GCM for Pb (R. Rodríguez-Guzmán et al., 2004)

• Evidence for O(6) sym. (Casten & Cizewski, 1978)
• Shape coexistence (Review: Andreyev et al., 2005; 
Heyde & Wood, 2011)
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Shape coexistence
• Mix IBM Hamiltonian for cross-shell (0p-0h, 2p2h, ...) excitations, 
using Duval-Barrett’s procedure (1982)

K.N., R. Rodriguez-Guzman et al., 
in preparation (2012)
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Pt isotopes: ground-state shape (Gogny D1S)

Prolate

γ soft

Oblate

K.N., T. Otsuka, R. Rodríguez-Guzmán et al., PRC83, 014309 (2011)



Low-lying spectra
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• Consistent with experiment for g.s. band. 
• NO need for config. mixing, as Gogny-D1S PES is concerned. 
   But, experimental 0+2 energy is very low for A<180 (future work).
• Level pattern of quasi-γ band for A>190 (discussed later).

K.N., T. Otsuka, R. Rodríguez-Guzmán 
et al., PRC83, 014309 (2011)



Exotic Os-W (from Gogny D1S)

184 188 192 196 2000

1

2

184 188 192 196
Mass Number

Ex
ci

ta
tio

n 
En

er
gy

 (M
eV

)

76Os

6+
1

4+
1

2+
1

2+
a

Mass Number

74W

2γ+ changes at N=116:
prolate-oblate transition

Mapped IBM K.N., T. Otsuka, R. Rodríguez-Guzmán 
et al., PRC83, 054303 (2011)



δVpn: Empirical average p-n interaction
Double difference of BE(Z,N):

• Federman & Pittel 1978
• J.-Y. Zhang et al. 1989
• Cakirli et al. 2005, Cakirli & Casten 2006

Larger δVpn value for p-p and 
h-h than p-h and h-p configs.  
This trend is predicted also for 
right-lower quadrant of 208Pb. 

Collectivity, deformation, 
shell structure, ....
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Robust regularity in non-axially 
symmetric nuclei

Ref. Phys. Rev. Lett. 108, 132501 (2012)



Is a triaxial nucleus γ rigid or unstable ?

50 

- -  4O 

m 
3o 

20 

TRIAXIAL ROTOR y = 30 ° 

"4+ 8~j 

. . . . .  5~ 

6; 
. . . .  3~ 
- - -  0-ff~--- 

2 0 

| _  
0 ° 10 ° 210 ° 30 ° 

Y 

¥ - u n s t a b l e  
( W i l e t s  - Jean  ) 

q 
5~ 4 

6; _ _  4~ 3 

4~ 
- -  ~ 2~ 2 

2; 
Og I 

0 
A 

1.0 

-1.0 Xe -~'Ba ' ""' pl -2.0 
, i , i i , i 

-30:50 50 70 90 110 130 150 
Neutron Number 

L 

- _ 
_ 

S(Jγ,Jγ-1,Jγ-2)
=[E(Jγ)-2E(Jγ-1)+E(Jγ-2)]/E(2+g)

W-J: -2.00

D-F: 1.67

 Majority of observed triaxial nuclei are middle in between. 

• Rigid triaxial rotor model (Davydov & Filippov, 1958)
• γ-unstable rotor model (Wilets & Jean, 1956)
• Equivalence between W-J and O(6) in IBM (Ginocchio & Kirson, 1980)  

≈ O(6)

 This regularity is not explained in major geometrical models. 



Three-body term in IBM-2

- Energy surface

- Three-body term

- Hamiltonian

• Up to 2B terms: Minimum at γ~π/3, 0

• 3B term: Minimum at γ~π/6

• IBM-1: P. Van Isacker & J.-Q. Chen (1981); K. Heyde et al. (1984)



Energy surface
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Energy surface

More γ rigid
with 3B

O(6) like
without 3B

134Ba (from DD-PC1)
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Jγ=4 Three-body Ham. 

Two-body Ham. 

♦   Expt.
SkM*
DD-PC1

Robustness
• Independently of EDFs, neither W-J nor D-F picture is 
realized in presumably all triaxial nuclei.
• In the IBM, this regularity never arises without the 3B term.   
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Summary
Bridge over the gap between IBM and nuclear DFT

- Gives spectra and transition rates with good J and N. 
- Works out for general cases: 

- Use more realistic interaction. Shell model will catch up. 
- Application to other finite quantal system

Work in progress

• Main part ⇐ energy surface with varying deformation

• LL part ⇐ rotational response of a fixed shape

• 3B part ⇐ stable triaxial minimum

• Config. mixing ⇐ more than one minimum



Collaborators
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• Variety of nuclear shapes: onset of deformation, QPT, 
etc. These are governed by multi-nucleon dynamics

• Derived from nucleons ?  Prediction ?
We shall work in the interacting boson model (IBM)

Introduction

Quantum Phase Transition QPT



A piece of history
• Bohr & Mottelson (1980):

“SD truncation is far from perfect to describe the 
intrinsic state of rotational nucleus”

• Nilsson+BCS model (T. Otsuka et al., 1982; D. R. Bes et al., 1982)
• ZB-type boson mapping (M. R. Zirnbauer, 1984)
• J-projection on intrinsic state (N. Yoshinaga et al., 1984)
• sdg-IBM and/or sd-IBM with G-pair renormalized 
(T. Otsuka & J. N. Ginocchio, 1985; T. Otsuka & M. Sugita, 1988)

• Debates over the validity of SD-pair truncation:
      Renormalization of J=4 (G) pair, sdg-IBM ..., though 
still not conclusive. 

• A. Bohr & B. R. Mottelson, Phys. Scr. 22, 468 (1980)

⇒ Validity of IBM for strongly deformed nuclei ?



Cranking mom. of inertia

0

50

100

−15
−10
−5

0

M
om

en
t o

f i
ne

rti
a 

(M
eV

−1
)

N

IBM (w/ LL)

Expt.

_
 (k

eV
)

IB
IBM (w/o LL)

(a)

(d) (e)

(b)

(f)

(c)

N N
84 86 88 90 92 94 96 140 142 144

_ _ _

62Sm

92U

Large difference between fermion and boson systems

Inglis-Belyaev (IB) formula

Mom. of inertia in IBM

is adjusted to 
⇒ α value



Distributions of wave functions of γ-band states

• 2γ and 3γ states are similar ⇒ strong 3γ ->2γ  E2 transition ?

• Configuration mixing is quite strong. e.g., 4γ state of 134Ba



Wave functions in βγ-plains

• 2γ and 3γ states are similar ⇒ strong 3γ ->2γ  E2 transition ?

• Configuration mixing is strong for 4γ state

with 3B

without 3B



Correlation energy
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K.N. et al. PRC81 (2010)

Similar arguments
• Skyrme+GCM: Bender et al. 2006
• Gogny+5DCH: Delaroche et al. 2010

S2n

BEcalc-BEexpt

• BEIBM: eigenenergy of HIBM 
• BEMF: mean-field solution 



Systematics of correlation energy
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