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� The 2D limit of the Vibron Model.

� Single bender: QPT and ESQPT.

� Single bender: beyond mean field results.

� Coupled benders: the U(3)⊗ U(3) SGA.

� Coupled benders model Hamiltonian.

� Coupled benders phase diagram.

� Concluding remark.
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Study of N–dimensional systems ⇒ U(N + 1) Spectrum Generating

Algebra.

F. Iachello, Contemp. Math. 160 151 (1994).

Nuclei

� Quadrupolar degree of freedom →N = 5

� Spectrum Generating Algebra: U(6)

� Interacting Boson Model IBM

� A. Arima and F. Iachello. Phys. Rev. Lett. 35 1069
(1975)

� IBM-2, IBM-3, IBFM, SUSY in nuclei.

Molecules

� Dipolar interaction →N = 3

� Spectrum Generating Algebra: U(4)

� Vibron Model

� F. Iachello. Chem. Phys. Lett. 78 581 (1981).
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The Vibron Model: the U(4) Dynamical Algebra applied to the study of

rovibrational molecular structure.

Modeling three-dimensional systems algebraically.

F. Iachello Chem. Phys. Lett. 78 581 (1981).
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The 1D limit of the Vibron Model: the U(2) Dynamical Algebra applied to

the study of vibrational molecular structure.

Modeling (coupled) one-dimensional systems algebraically.

O.S. van Roosmalen, I. Benjamin, and R.D. Levine.

J. Chem. Phys. 81 5986 (1984).
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The 1D limit of the Vibron Model facilitates the incorporation of point

symmetries and the application to the vibrational spectrum of polyatomic

molecular species.

Building symmetry-adapted local basis.
R. Lemus.

Mol. Phys. 101 2511 (2003).
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The 2D Vibron Model: modeling vibrational bending dynamics with a

U(3) Dynamical Algebra.

Modeling bidimensional systems algebraically.

F. Iachello and S. Oss. J. Chem. Phys. 104 6956 (1996).
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The 2D Vibron Model: model-ling vibrational bending dynamics with an

U(3) Dynamical Algebra.

Modeling bidimensional systems algebraically.

F. Iachello and S. Oss. J. Chem. Phys. 104 6956 (1996).

Boson Operators {τ †α, τα, σ†, σ}; α = x, y.
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τi, τ
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[

σ, σ†
]

= 1
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The 2D Vibron Model: model-ling vibrational bending dynamics with an

U(3) Dynamical Algebra.

Modeling bidimensional systems algebraically.

F. Iachello and S. Oss. J. Chem. Phys. 104 6956 (1996).

Boson Operators {τ †α, τα, σ†, σ}; α = x, y.

[

τi, τ
†
j

]

= δi,j ; i, j = x, y
[

σ, σ†
]

= 1

Circular Bosons
τ
†
± = ∓τ

†
x ± iτ

†
y√

2
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2

Generators of the algebra:

{n̂, n̂s, l̂, Q̂±, R̂±, D̂±}
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Dynamical Symmetries

U(3) ⊃ U(2) ⊃ SO(2) Dyn. Symmetry (I)

N n ℓ
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Casimir Operators

U(2) Ĉ1[U(2)] = n̂ Ĉ2[U(2)] = n̂(n̂+ 1)

SO(3) Ĉ2[SO(3)] = Ŵ 2 = D̂+D̂−+D̂−D̂+

2
+ l̂2

SO(2) Ĉ1[SO(2)] = l̂ Ĉ2[SO(2)] = l̂2
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Cylindrical Oscillator

U(3) ⊃ U(2) ⊃ SO(2)
[N ] n ℓ

n = N,N − 1, N − 2, . . . , 0

ℓ = ±n,±(n− 2), . . . , 1(or 0)
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Displaced Oscillator Chain

U(3) ⊃ SO(3) ⊃ SO(2)
N ω ℓ

ω = N,N − 2, N − 4, . . . , 1(or 0)

ℓ = ±ω,±(ω − 1), . . . , 0

v =
N − ω

2

v = 0, 1, . . . ,
N − 1

2
(or

N

2
)

ℓ = 0,±1,±2, . . . ,±(N − 2v)



Displaced Oscillator Dynamical Symmetry

Beauty in Physics: Theory and Experiment, Cocoyoc 2012, MÉXICO 12 / 30
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U(3) ⊃ U(2) ⊃ SO(2) Dynamical Symmetry (I)

U(3) ⊃ SO(3) ⊃ SO(2) Dynamical Symmetry (II)

Single Bender Model Hamiltonian

Ĥ = ε

[

(1− ξ)n̂+
ξ

N − 1
P̂

]
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� ε: energy scale

� ξ: control parameter: ξ ∈ [0, 1]

� ξ = 0.0 rigidly-linear

� 0.0 < ξ ≤ 0.2 quasilinear

� 0.2 < ξ < 1.0 non-rigid

� ξ = 1.0 rigidly-bent
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U(3) ⊃ U(2) ⊃ SO(2) Dynamical Symmetry (I)

U(3) ⊃ SO(3) ⊃ SO(2) Dynamical Symmetry (II)

Single Bender Model Hamiltonian

Ĥ = ε

[

(1− ξ)n̂+
ξ

N − 1
P̂

]

� ε: energy scale

� ξ: control parameter: ξ ∈ [0, 1]

� ξ = 0.0 rigidly-linear

� 0.0 < ξ ≤ 0.2 quasilinear

� 0.2 < ξ < 1.0 non-rigid

� ξ = 1.0 rigidly-bent

The system
undergoes a second

order QPT in
ξc = 0.2.

F. Pérez-Bernal and F. Iachello. Phys. Rev. A77 032115 (2008).
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Quantum Monodromy Diagram: Energy level density discontinuity
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Quantum Monodromy Diagram: Energy level density discontinuity

M.A. Caprio, P. Cejnar, F. Iachello. Ann. Phys. 323 1106 (2008).
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Quantum Monodromy Diagram: Energy level density discontinuity

M.A. Caprio, P. Cejnar, F. Iachello. Ann. Phys. 323 1106 (2008).
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You will find a complete account of the application to single bender

experimental data in Danielle Larese’s seminar

D. Larese and F. Iachello. J. Mol. Struct. 1006 611 (2011).
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Projective coherent states define an intrinsic g.s. and a boson condensate

|i.s.〉 = |[N ]; r, θ〉 =
1√
N !

(

b†c
)N |0〉

b†c =
1√

1 + r2

[

σ† + xτ †x + yτ †y
]

where (r, θ) are polar coordinates associated to Cartesian (x, y).

Algorithm proposed by Gilmore:

R. Gilmore J. Math. Phys. 20 891 (1979).
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Ground State Energy per Particle

Eξ(r) = ǫ

[

(1 − ξ)
r2

1 + r2
+ ξ

(

1 − r2

1 + r2

)2]

,

re = 0 ,

√

5ξ − 1

3ξ + 1
,

Eξ(re) =

{

ξ 0 ≤ ξ ≤ ξc
−9ξ2+10ξ−1

16ξ
ξc < ξ ≤ 1

,

d2Eξ(re)

dξ2
=

{

0 0 ≤ ξ ≤ ξc
− 1

8ξ3
ξc < ξ ≤ 1 .



Observables of interest: ground state energy and 〈n̂〉

Beauty in Physics: Theory and Experiment, Cocoyoc 2012, MÉXICO 17 / 30
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Holstein-Primakoff expansion plus a Shift followed by a Bogoliubov Transformation.

τ
†
i
τj = b

†
i
bj ; i, j = x, y ,

τ
†
i
σ =

√
N b

†
i

√

1 − n̂b/N =
(

σ
†
τi

)†
,

n̂σ = σ
†
σ = N − n̂b ,
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Symmetric Phase

Ĥsym = Eξ(re)N +
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3ξ − 1 + Ξsym(ξ)1/2
]

+ Ξsym(ξ)1/2n̂a +O(1/N) ,

Ξsym = 5(ξc − ξ)(1− ξ) .
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Application to two-level bosonic systems with U(2L+ 2) SGA, for integer L.

S. Dusuel et al. Phys. Rev. C72 064332 (2005).
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0.0 0.2 0.4 0.6 0.8 1.0
Control Parameter ξ

0.00

0.05

0.10

0.15

0.20

0.25

G
ro

un
d 

S
ta

te
 E

ne
rg

y 
pe

r 
P

ar
tic

le
 ε 0

Mean Field
Numerical, N = 40
BMF (N=40, Symmetric)
BMF (N=40, Deformed)

-8.0

-6.0

-4.0

-2.0

0.0

2.0

4.0

10
3  [ε

0(n
um

er
) 

- 
ε 0(a

pp
ro

x)
]

Mean Field 
BMF Correction 

0 0.2 0.4 0.6 0.8 1
Control Parameter ξ

-0.8

-0.6

-0.4

-0.2

0.0

0.2

Mean Field
BMF Correction 

(a)

(b)

N = 40

N = 400

P. Pérez-Fernández, J.M. Arias, J.E. Garcı́a-Ramos, and F. Pérez-Bernal,

Phys. Rev. A83 062125 (2011).
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Phys. Rev. A83 062125 (2011).



Finite-Size Scaling Exponents

Beauty in Physics: Theory and Experiment, Cocoyoc 2012, MÉXICO 21 / 30
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General Hamiltonian (9 parameters)
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F. Iachello and F. Pérez-Bernal, Mol. Phys. 106 223 (2008);
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F. Pérez-Bernal and L. Fortunato, Phys. Lett. A 376 236 (2012)
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We define the intrinsic state and the boson condensate as

|i.s.〉 = |[N1][N2]; r1, θ1; r2, θ2〉 =
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b
†
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)N1
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b
†
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)N2

|0〉

b
†
c,i =

1√
1 + r2

[

σ
†
i +

(

xiτ
†
i,x + yiτ

†
i,y

)]

where (ri, θi) are the polar coordinates associated to (xi, yi), i = 1, 2.
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]

}

E(r1, r2, φ) =(1− ξ)

[

1

2

2
∑

i=1

r2i
1 + r2i

+
η1
4

(

2
∏

i=1

r2i
1 + r2i

)

cos (2φ)

]

+ ξ

[

1

4

2
∑

i=1

(

1− r2i
1 + r2i

)2

+ 2 η2

(

2
∏

i=1

ri
1 + r2i

)

cos (φ)

]

Linear, D∞h

r1 = r2 = 0

(C2H2, X̃)

Cis, C2v

r1 = r2 6= 0, φ = 0

(2-butene)

Trans, C2h

r1 = r2 6= 0, φ = π
(C2H2, Ã)
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Non-planar, C2

r1 = r2 6= 0φ 6= 0, π
(H2O2)

F. Iachello and F. Pérez-Bernal, Mol. Phys. 106 223 (2008); J. Phys. Chem. A 113 13273 (2009).
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Phase Diagram and Order parameter re in the η1 = 0 case.
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Phase Diagram and Order parameter re in the η1 = 0 case.

Agrees with results in F. Iachello and F. Pérez-Bernal, Mol. Phys. 106 223 (2008).

F. Pérez-Bernal and L. Fortunato, Phys. Lett. A 376 236 (2012).
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Phase Diagram and Order parameter re in the η1 = 1 case.
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Phase Diagram and Order parameter re in the η1 = 1 case.

F. Pérez-Bernal and L. Fortunato, Phys. Lett. A 376 236 (2012)
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F. Pérez-Bernal and L. Fortunato, Phys. Lett. A 376 236 (2012)
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Only one concluding remark:

Franco, thanks for all the good moments spent together and your inspiring help.
And also thanks in advance for the good moments that are still to come.

And, of course, I am grateful for the audience’s kind attention...


	
	The 2D Vibron Model
	Excited State Quantum Phase Transition in 2DVM

	Connection with the classical limit
	Coherent state approach
	Observables of interest: ground state energy and "426830A "526930B 

	Finite-Size Corrections for a Single Bender
	Finite-Size Corrections to the Mean Field Limit
	Finite-Size Correction to the Ground State Energy
	Finite-Size Correction to the Order Parameter
	Finite-Size Scaling Exponents

	Coupled Molecular Benders
	Dynamical symmetries for coupled benders
	Block Dimensions in the Coupled Benders Hamiltonian
	Coupled Benders: General and Model Hamiltonians
	Coherent state approach
	Coupled Benders Model Hamiltonian Energy Functional

	Concluding Remark
	Concluding Remark


